The motion of a spherical bubble rising in a gravitational field in presence of a traveling pressure step wave is investigated. Equations of motion for the bubble radius and center of mass are deduced and several sample cases are analysed by means of their numerical integration. The crucial role played by the traveling speed of the wave front and by the intensity of the pressure step are discussed. A first comparison with the axisymmetric dynamics is discussed.
Introduction
The study of cavitation, started in the field of high-speed hydrodynamics devices, has now achieved a far more general interest. In fact, the formation and development of vapour (and gas) bubbles inside a fluid, due the dynamic generation of low-pressure field, is common to a large number of sectors, where the phenomenon is either opposed or provoked, depending on the purpose of the application. Thus, the connected search for insight in the crucial aspect of bubble dynamics has received increasing attention.
In a previous paper [1] the authors derived from first principles a model for the radial and translational dynamics of a spherical bubble, rising due to gravity through an inviscid fluid. However, the translating motion entails the pressure distribution around (and inside) the bubble not to be spherically symmetric. In some cases, this would lead to instabilities causing the bubble to undergo shape oscillations and, eventually, a violent collapse.
This study is a step of a path finalised to investigate, with proper analytical methods, hydrodynamic cavitation. It aims at predicting the consequences of the bubble collapse as described above, but the simplifying assumption of dealing with a spherical bubble is maintained, in view of the following facts. First, in a number of cases, due to the conditions of the surrounding environment, the spherical shape of the bubble is stable against the pressure perturbations. Second, many significant features of the bubble behaviour under the action of a pressure disturbance can be studied neglecting the bubble deformation, and the results of these investigations can be adopted as a reference when the more challenging task of studying the evolution of a non-spherical bubble is undertaken.
In view of the above, selected papers are mentioned in the following, addressing the study of the interaction of a bubble with pressure (standing or traveling) waves, and the relevant effects on the coupled translational motion and volume oscillations.
Doinikov [2] derives coupled equations of radial and translational motions of a spherical gas bubble in an acoustic wave field using Lagrangian formalism. The equation of radial motion is modified to allow for liquid compressibility, and the equation of translation includes a component describing hydrodynamic drag. The motion of a bubble in a plane standing wave is simulated numerically. The behaviour of a bubble in wave is investigated also by Mettin and Doinikov [3] , who study aspects of the translational motion of a spherical gas bubble in a high-frequency standing wave, and find, through numerical simulations, that different types of translational trajectories can occur in a standing wave.
An early study of the effect of a pressure disturbance on the shape of an initially spherical bubble is found in Hermans [4] . There, the influence of a pressure step on a translating bubble, within an incompressible and inviscid liquid is investigated. The deviation from the spherical shape is represented by perturbation coefficients of a series of Legendre polynomials, and the stability of shape oscillations is studied, as a combined effect of the translational motion, due to gravity, and the pressure variation in the form of a (homogeneous) time step.
Doinikov [5] studies the nonlinear coupling between the volume pulsation, translational motion and shape modes of an oscillating bubble with particular attention to the "dancing motion" of the bubble in acoustic standing waves. The amplitudes of the surface modes and the translational velocity of the bubble are assumed to be small and allowed for in the equations of motion up to second-order terms, while the amplitude of the volume oscillation is not limited. Interesting results concern mainly the mutual interactions of the shape modes and the interaction between the shape modes and the translational motion.
Shaw [6] studies the interactions between the axisymmetric shape distortions, the axial translational motion, and the volume oscillations for a gas bubble in an inviscid and incompressible liquid. Both deformation and the translational motion are assumed small, while no restriction is placed on the volume oscillations. A system of equations is derived from a Lagrangian formulation. The bubble is given an initial static deformation, and some examples illustrate the process by which other modes get excited.
In similar conditions, Shaw [7] also conducts studies on stability of bubble shape. In this case, the effects of viscosity are taken into account, and compressibility correction terms appear in the radial evolution equation to allow the model dealing with large amplitude acoustic forcing.
Reddy and Szeri [8] consider the problem of shape stability for a bubble translating unsteadily in a flow, as it can be brought about by forcing with an acoustic traveling wave. The equations governing the amplitudes of shape modes are derived using domain perturbation theory. Liquid compressibility is taken into account. Results concern the effect on shape stability of large radial oscillations.
Effect of compressibility of liquid is also considered by Wang and Blake [9] . An approximate theory is developed for non-spherical bubbles by using the method of matched asymptotic expansions, with the perturbation performed to the second order in terms of the bubble-wall Mach number. A numerical model using the mixed Eulerian-Lagrangian method and a modified boundary integral method is used to obtain the evolving bubble shapes. The numerical model is validated against the Keller-Herring equation for spherical bubbles in weakly compressible liquids with excellent agreement being obtained for the bubble radius evolution up to the fourth oscillation. Bubble evolution and jet formation are simulated, and relevant conditions are studied. When subjected to a strong acoustic wave, a vigorous liquid jet develops along the direction of wave propagation in only a few cycles of the acoustic wave.
The present paper investigates the behaviour of a spherical gas bubble rising, due to gravity, in an inviscid liquid, when subjected to the effect of a pressure perturbation. The simple model derived in [1] is extended to consider the effect on the bubble dynamics of a traveling pressure step traversing the moving bubble. The paper is organized as follows. In Section 2, the general scheme is given, and the derivation of equations of motion for the spherical bubble is prepared by writing the form of the absolute velocity potential for a pulsating and translating bubble. Results of this are reported, following from a procedure illustrated in detail in [1] . The equation for the one-dimensional rising motion of the bubble center of mass and a modified form of the Rayleigh-Plesset equation for the oscillation of the bubble radius are derived in Section 3, in forms that explicitly exhibit the role of the traveling pressure disturbance affecting the bubble dynamics. The balance of the kinetic energy is also briefly discussed, due to its use for checking the accuracy of the numerical simulations. Most significant outcome from numerical results is presented in Section 4. A perspective of future work, describing the planned upgrade of the model is outlined in Section 5.
Flowfield about the bubble
In this section, the velocity field in the liquid about a spherical bubble deduced in [1] is briefly summarized. The flow is written in a system of cartesian coordinates with the z-axis oriented in such a way that the gravitational force field is (0, 0, −g), where g (> 0) is the constant (in time) and uniform (in space) acceleration. A bubble of vapour/gas is surrounded by an isochoric, inviscid liquid. The shape of the bubble is assumed spherical at any time, with a time-dependent radius R(t). At the initial time (t = 0), the liquid is at rest, the bubble has radius R 0 and its center of mass is placed at (0, 0, z cm0 ), while the bubble motion is prescribed through the velocitiesṘ 0 and (0, 0,ż cm0 ).
In terms of the cosine (µ) of the co-latitude angle θ (θ = 0 along the positive z) and of the j-th Legendre polynomial P j (j = 0, 1, . . .), the normal velocity u n on the bubble surface (whose normal vector points outward) is u n (µ; t) =Ṙ(t)P 0 (µ) +ż cm (t)P 1 (µ), the dot indicating time derivative. By enforcing this Neumann boundary condition and using the distance r from the bubble center, the velocity potential is written as
The derivatives of ϕ (hereafter, for the sake of brevity, dependence will be omitted when there is no risk of confusion) are given as:
The above expressions will be used in the following to derive equations for the dynamics of the center of mass and of the radius of the spherical bubble.
Equations of motion
The dynamics of the center of mass of the bubble reduces to the following equation along z:
where m b is the bubble mass, B is its surface, n z is the z-component of the outward normal unit vector on B and p b is the pressure on the gas/vapour face of the bubble surface. The mass of the bubble m b is a constant of the motion. It is written as 4πR 3ρ b /3 withρ b (t) = R 3 0ρb (0)/R 3 (t). Moreover, the ratio ε between the mean densityρ b and the density of the surrounding liquid ρ is introduced. It is a function of time which usually takes small values, although it may become significant with respect to unity during severe bubble compressions.
The ratio p b /ρ between this pressure and the liquid density is expanded in Legendre series:
and the coefficients are evaluated by means of the balance of the normal stresses at the interface between gas/vapour and liquid p b = p + 2σ/R, where σ is the surface tension coefficient, and the corresponding series expansion of the pressure p on the liquid face of the bubble surface. This latter is written by using the Bernoulli theorem p/ρ+gz = p ∞ /ρ−∂ t ϕ−|u| 2 /2 in which p ∞ accounts for the presence of the traveling pressure wave. Its front moves with the constant velocityż ps (κ = sgn(ż ps )), i.e. z ps (t) =ż ps t + z ps0 , so that the asymptotic pressure is
The front crosses the bubble if µ ps = (z ps − z cm )/R ∈ [−1, +1] (µ ps = −1 when the front is at the south pole, µ ps = +1 when it is at the north pole), while µ ps < −1 or > +1 when the bubble lies completely below (in the region at pressure p 0 +p ps ) or above (at pressure p 0 ) the wave front. By using the derivatives (2), (3) as well as the asymptotic pressure (6), the Legendre coefficients in the expansion (5) are
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Note that the difference P m+1 (µ) − P m−1 (µ) vanishes on the bubble poles (µ = ±1), so that the factor 1 − µ 2 ps implicitly appears also in the coefficients π m with m ≥ 3. The expansion (5), with the coefficients given in equations (7), is now inserted into the equation of motion (4) that becomes:
The mean value on the bubble surface of the internal gas/vapour pressure is written as the sum of a (mean) vapour pressure, i.e.p v , that is constant along the motion and a gas pressure, i.e.p g , that is usually related to the bubble volume by means of an equation of state. Assuming that the motion is isothermal, it is generally accepted [10] that the product R 3p g is kept constant along the motion. As a consequence, once the radius R of the bubble is known, the same holds for mean vapour/gas pressurep b , too. The coefficientp b /ρ (7) then lead to the following modified form of the Rayleigh-Plesset equation [10] :
having introduced the pressure-like function
.
The accuracy of the time integration of the equations of motion (8), (9) is verified by checking the balance of the total kinetic energy of the surrounding liquid E. This balance law is now deduced in the case of spherical bubble. (10) d dt
The kinetic energy of the liquid is evaluated by using the velocities in equation (3):
while the sum of the pressure and of the gravitational works are evaluated as
having used the equations of motion (8) and (9) . The total kinetic energy balance (10) is used in evaluating the accuracy of the numerical integration in time. More precisely, the quantity:
is computed by means of the formulae (11), (12) during the integration and its values are assumed as a measure of the lack of accuracy in the numerical integration.
Results
The dynamics of the center of mass (8) and of the radius (9) of a rising bubble in presence of a pressure wave has been numerically integrated by means of a second order Runge-Kutta scheme. Nondimensional results will be now presented, by choosing the scales listed in Table 1 . The physical quantities needed for integrating the bubble motion are listed in Table 2 , with the only exception of the gravity acceleration.
In a first series of simulations ( Figure 1 ) the value g = g 0 (g 0 is the gravity acceleration measured at sea level) has been considered, while it has been changed to g = 10 2 g 0 in a second series of calculations ( Figure 2 ) and to g = 10g 0 in a third one (Figures 4 and 5) .
The bubble motion in presence of a pressure wave moving along the positive z-axis (κ = +1) is now investigated. The amplitude of the pressure step is positive (p ps = p 0 /5 has been assumed), so that the bubble experiences a compression when the wave front runs over the bubble. Three values of the speed of the wave frontż ps have been selected, in order to analyse different motions of the bubble. In the first case, the valueż ps 3.277 (corresponding to a dimensional velocity 9 m/s) is selected. The time behaviours of the radius and its first and second derivatives and of the position of the bubble center of mass and of its first and second derivatives are shown in Figure 1 (a) and (b), respectively. The wave front reaches the bubble just after the fourth period (t 4.279), afterwards the bubble accelerates upward up to come out from the high pressure region behind the wave front at a time close to half of the eighth period (t 7.604). During this crossing period, the termż 2 cm /4 prevails on the forcing term −p ps /ρ · (1 + κµ ps )/2, so thatṘ results to be positive, on average, and the bubble radius increases of about 20%. Once the bubble comes out from the high pressure region, the radius experiences small amplitude oscillations about its increased mean value and the bubble center of mass moves upward at a speed nearly constant, but much larger than the one due to the gravitational effect. Note that also this speed exhibits small oscillations about a value roughly 5.
In the next numerical experiment, the speed of the wave front is slightly increased, up toż ps 3.313 (corresponding to a dimensional value 9.1 m/s). The time histories of the radius and of the position of the center of mass as well as of their derivatives are shown in Fig. 1-c and d , respectively. The wave front reaches the south pole of the bubble at t 4.232, that is very close to the corresponding time of the previous case, but the time in which the bubble comes out from the high pressure region of the wave is shifted to t 9.175, more than a period later than in the previous case.
During this crossing period the wave front reaches also the north pole of the bubble at t 6.371, goes above for a short time and then returns below by crossing again the pole at t 6.556. In this way, although the crossing time is longer than the previous one, the pressure term −p ps /ρ · (1 + κµ ps )/2 in the Rayleigh-Plesset equation prevails on the kinetic termż 2 cm /4 in an initial stage when µ ps is close to its maximum value +1. Afterwards, the wave front goes back to the south pole and then µ ps → −1, so that the kinetic term becomes larger than the pressure one. In this way the final mean values of the radius and of the speed of the center of mass are close to the previous ones. Note also that the amplitudes of the oscillations are smaller, due to the more balanced behaviours during the crossing time.
The crucial role played by the speed of the wave front can be easily deduced by a glance at Figure 2 , the second row of which has been obtained just increasing the fourth digit (in nondimensional form) of this speed.
Indeed, in the flow with smaller speed (ż ps 1.41820, corresponding to the dimensional value 3.895 m/s, first row) the wave front crosses the south pole a first time (orange dashed line) at t 5.457), leading to an initial radius growth and downward motion of the center of mass induced by the quick diminishing of the pressure behind the wave front. The increase of the radius implies a growth of the force due to the gravity but it is almost exactly balanced by the reduction of the pressure force due to the part of the bubble surface behind the front, as it is shown by the time behaviour after the first crossing of velocity and acceleration of the center of mass [ Figure 2(b) ]. The bubble finally escapes from the wave when its south pole crosses for a second time the front at t 7.430. Due to the fact that the speed of the front is slightly larger (ż ps The gravity acceleration g is assumed equal to g 0 (see Table 2 ), the one at the sea level. (8), (9) is shown in Figure 3 where the decimal logarithms of these errors measured in all the previous calculations are drawn vs. time.
Concluding remarks and future work
The dynamics of a bubble of vapour/gas rising in an incompressible liquid where a pressure wave propagates has been investigated. The basic simplifying assumption is that the bubble remains spherical at any time. The equations of motion given in [1] (dynamics of the center of mass and the Rayleigh- Figure 1 , but the pressure wave is defined by z ps (0) = −5, p ps −2.691,ż ps (0) 1.41820 (first row) and 1.41856 (second). The gravity acceleration g is assumed 10 2 g 0 , one hundred the one at the sea level (g 0 , see Table 2 ). Figure 3 . Errors in log 10 -scale for the motions in Figure 1 (a, black for the first row, red for the second and blue for the third) and in Figure 2 (b, black for the first row and red for the second one).
Plesset equation for the bubble radius) have been modified in order to consider the presence of a step pressure wave traveling at a finite speed along the direction of the gravitational force. The fact that the asymptotic pressure is piecewise constant allows to use the Bernoulli theorem for evaluating the pressure on the liquid face of the bubble surface and then the Legendre coefficients in the expansion (5) of the pressure p b on the vapour/gas face of the same surface. The numerical integration of the equations of motion is performed by checking step-by-step the balance (10) between the variation in time of the kinetic energy of the liquid E(t)/ρ − E(0)ρ and the work done by the pressure on the liquid face of the bubble surface. The difference between these quantities (13) is assumed as a measure of the error due to the numerical integration.
The analysis of such a kind of flow will be extended to axisymmetric flows in the near future. As a matter of fact, it is well known that the changes in the bubble shape deeply affect its translational motion. Furthermore, if the intensity of the pressure step is large enough, they can lead to the formation of intense jets and also to the bubble breaking. A sample of this latter dynamics is shown in Figure 4 , by showing three snapshots during the axisymmetric motion of a bubble in presence of a traveling pressure wave (conventionally represented in the right parts of these figures) still moving along the positive z-axis (κ = +1). The bubble is violently pushed down during its third period of oscillation and a small fraction of its gas/vapour mixture remains behind, forming a new bubble. It is rather surprising that, despite these dramatic changes in the bubble shape and the smoothing of the pressure step needed for numerical reasons, the equivalent radius and the center of mass of the bubble behave almost as in the present one-dimensional case, as shown in Figure 5 In order to show the increased difficulties in numerically integrating the axisymmetric motion, in Figure 5 (c) the errors in the kinetic energy balance (13) measured during the integration of the present equations (blue line) are compared with the corresponding ones for the axisymmetric flow (red line). Despite quite sophisticated numerical techniques adopted in integrating the axisymmetric bubble dynamics, the errors result to be at least four orders of magnitude larger than the present ones.
Finally, it is worth noting that, due to the basic assumption that the bubble remains spherical, the effects of a pressure wave that moves at very large speedż ps are similar to the corresponding instantaneous change of the asymptotic pressure. However, the bubble is accelerated by the passage of the wave, althougḣ R 0. In particular, if the ratio p ps /(ρgR) is large (as in many practical cases), the increment ofż cm due to the passage of the wave, which is O[p ps /(ρż ps )], is the leading contribution toz cm in the right hand side of equation (8) . Indeed, the increment due to gravity is O(gR/ż ps ) and results to be much smaller than the previous one. For these reasons at very largeż ps , if the motion of the bubble as a whole is not neglected, the contribution due to the passage of the wave has to be accounted for.
